Abstract. In this note, we prove that the Swiss-cheese operad is not formal. We also give a criteria in terms of Massey operadic product for the non-formality of a topological operad.
Introduction
The question of formality finds its root in rational homotopy theory. In [12] , D. Sullivan proves that the rational homotopy type of a space is entirely determined by a commutative differential graded algebra. The space is formal if this algebra is quasi-isomorphic to its homology, that is, if the rational homotopy type of the space is entirely determined by its cohomology ring. This notion has been applied with great success in [2] , where the authors proved that the real homotopy type of a simply connected compact Kähler manifold is entirely determined by its cohomology ring. The question of non-formality has its own interest, in particular in the study of symplectic manifolds. In such cases, one can ask whether a symplectic manifold admits a Kähler structure or not. A symplectic manifold which is not formal is certainly not a Kähler manifold (see e.g. [4] ).
More generally, formality is closely related to deformation of structures. And structures are ruled by operads. One of the most famous topological operad is the little d-discs operad of Boardman and Vogt [1] , recognizing iterated loop spaces (see [11] ). An operad is formal if its singular chain complex is an operad quasi-isomorphic to its homology operad. Algebras over the homology operad of the d-little discs operad are d-Gerstenhaber algebras. In [8] , M. Kontsevich lays the groundwork for the formality of the little d-discs operad and its applications (see the introduction of Giansiracusa and Salvatore in [5] for a history of the proof of the formality of the little d-discs operad). The Swiss-cheese operad appears in the work of Voronov in [13] and Kontsevich in [8] as a tool to handle actions between d-Gerstenhaber algebras and (d−1)-Gerstenhaber algebras and their deformations.
In this note, we prove that the Swiss-cheese operad SC d is not formal for any d ≥ 2. Let us comment some related results. For d = 2, Dolgushev studies in [3] the first sheet of the homology spectral sequence for the Fulton-MacPherson version of the Swiss-cheese operad and proves that it is not formal. However, this does not imply the non-formality of SC 2 , because we proved with E. Hoefel in [7] that the homology spectral sequence, though collapsing at page 2, does not converge as an operad, to the homology operad of SC 2 . Lambrechts and Volic study the inclusion of the little n-discs operad into the little m-discs operad and prove in [10] , that the inclusion is formal for m > 2n. In a paper in preparation, Turchin and Willwacher show that this inclusion is not formal if m = n + 1. Their proof is based on Kontsevich's graph complex. There might be a link between the deformations of the aforementioned inclusion and the deformations of the Swiss-cheese operad, but this is not clear. If there is, the technics involved in our paper are much simpler because they only use basic algebraic topology. Indeed, we prove the non-formality by building non-vanishing Massey operadic products. The first three sections of the note focus on the 2-dimensional Swisscheese operad, whereas the fourth section treats the d-dimensional case. The last section is of independent interest and gives a criteria for non-formality of a topological operad using Massey operadic products.
The two-dimensional Swiss-cheese operad
The Swiss-cheese operad is a two-colored operad that has been defined by Voronov in [13] . There is another version of the Swiss-cheese operad given by Kontsevich in [8] . The homology of these two topological colored operad has been studied by Hoefel and the author in [6] and [7] . In this note, we consider the Kontsevich version of the Swiss-cheese operad denoted by SC as in [7] . It is a two-colored topological operad, whose colors are the closed color c and the open color o. As usual SC(n, m; x) denotes the topological space obtained from SC by considering the n first inputs of color c, the last m inputs of color o with the output of color x ∈ {o, c}. The other spaces describing SC are obtained using the action of the symmetric group. For instance SC(o, c; o) = SC(1, 1; o) · (21) where (21) denotes the transposition in the symmetric group of two variables.
The topological space SC(n, m; c) is the empty space if m > 0 or n = 0 and the configuration space of n nonoverlapping discs in the unit disc in the plane otherwise.
The topological space SC(n, m; o) is the empty space if n = m = 0 and otherwise the configuration space of nonoverlapping n discs and m semidiscs in the unit upper semidisc in the plane, the semidiscs being centered on the real line. With our convention m can be zero, that is, we allow a operations having only closed inputs and an open output.
1.1. The homology of the operad SC. We work over a field k. We recall that the singular chain complex over k of a topological operad is an operad in the category of differential graded k-vector spaces (or dg operad for short). The singular chain complex of SC is denoted by Csc and its homology is denoted by sc.
We recall from [7, Proposition 3.2.1] that algebras over the operad sc are triples (G, A, h) where G is a Gerstenhaber algebra, A is an associative algebra and h : G → A is a central morphism of associative algebras.
1.2.
Notation for the generators of sc. We use the same notation as in [7, Corollary 3.2.2] . The operad sc is an operad generated by f 2 ∈ sc(2, 0; c) 0 , g 2 ∈ sc(2, 0; c) 1 , e 0,2 ∈ sc(0, 2; o) 0 and e 1,0 ∈ sc(1, 0; o) 0 . The operation f 2 is the commutative product and the operation g 2 is the Lie product governing the Gerstenhaber structure. The operation e 0,2 is the associative product governing the associative structure, and the operation e 1,0 is the one governing the central morphism.
1.3. Notation for operadic composition. Given a {c, o}-colored operad P and α ∈ P(n, m; x) and β ∈ P(r, s; o) the notation α 
2.
The singular chain complex of the two-dimensional Swiss-cheese operad
In this section, we describe specific elements in the singular chain complex Csc of the Swiss-cheese operad. For a cycle x in a chain complex C, its image in H * (C) is denoted by [x] .
Let a ∈ SC(0, 2; o) be the configuration of the two semidiscs of radius 
such that the center of the left disc runs along the circle of radius The path η 1 satisfies (2.1)
The loop l
The chains a, f, l are cycles. The two dimensional vector space sc(0, 2; o) 0 is a free S 2 -module generated by [a] . The one dimensional vector spaces sc(1, 0; o) 0 and sc(2, 0; c) 1 are spanned respec-
This relation is dubbed the Eye Law in [6] , a consequence of the eye shape of the compactification of the space of configurations of two points in the upper half plane obtained by Kontsevich in [9] .
Proof. There exist a 1 , f 1 , l 2 such that a = a + ∂a 1 , f = f + ∂f 1 and l = l + ∂l 2 . The elements (21)), satisfy the prescribed relations.
3. Non-formality of the two-dimensional Swiss-cheese operad SC Theorem 3.1. The two-dimensional Swiss-cheese operad is not formal.
Proof. We will assume by contradiction that there is a dg operad P together with a zig-zag of operad quasi-isomorphisms
, ∀x ∈ {a, f, l}. There exist a , f , l as in Proposition 2.1 such that γ(x P ) = x , ∀x ∈ {a, f, l}. By Relation (2.1)
and there exists η P 1 ∈ P(1, 1; o) 1 such that (3.1) ∂η
Applying γ and Proposition 2.1 we have
The following relation is a consequence of Relation (3.1) and the operadic relations in P:
The homology group sc(2,
and that there exists η P 2 ∈ P(2, 0; o) 2 and λ ∈ k such that
. Applying γ to the above relation gives
, which, together with Relation (2.2') gives
. Since ψ is a quasi-isomorphism of operads, there exist λ f , λ l ∈ k * such that ψ(f P ) = λ f e 1,0 and ψ(l P ) = λ l g 2 . Applying ψ to Relation (3.
The ball of dimension d − 1 is identified with the subspace of S d−1
For x ∈ R d and r > 0, the (open) ball centered at x of radius r is denoted by B(x; r). If x d = 0, the semiball centered at x of radius r is
We will use the notation P 
Proof. The proof is divided into four steps. 
The map iii) Construction of η. The composition
2 )} and the following diagram is commutative
The horizontal maps are pieces of the homology long exact sequence associated to a pair of spaces and since D d−1 and SC d (1, 1; o) are contractible they are isomorphisms. The map
As a consequence, the left map in the diagram is an isomorphism.
iv) Proof of Relation (4.2). Consider the composition
Its restriction to S d−2 is the map
The projection π c :
is a homotopy equivalence, and we denote by J + :
2 ), and
Multiplying l by a scalar λ = 0 ∈ k, we can assume
is a cycle, and so is (η 
As a conclusion A = 0. Together with Relation (4.5) it implies that 
Proof. Since the ground field k has characteristic different from 2, replacing a by 
, satisfy the prescribed relations.
Mimicking the proof of Theorem 3.1, we obtain the following theorem. 
Massey operadic products and non-formality
In this section we show that the technics developped for proving the non-formality of the Swisscheese operad can be generalized to give a criteria for non-formality of a topological operad. This criteria is similar in spirit to the one applied in [4, Section 3] . For the clarity of the exposition we only treat the uncolored case.
For C a topological operad, we denote by C(C) its singular chain complex and by H(C) its homology. We say that C is formal if there exists a dg operad P together with a zig-zag of operad quasi-isomorphisms P Proof. In this proof we only consider the case of non-vanishing Massey operadic product of type I. The second case is similar. We use the elements a, b, c, x, y, M defined in subsection 5.1 and we assume that [M ] = 0.
We assume by contradiction that there is a dg operad P together with a zig-zag of operad quasi-isomorphisms P
There are several steps in the proof. The first step is the analogue of Proposition 2.1 in the general context. The other steps follow closely the proof of Theorem 3.1.
Step 1. Step 2. Because γ is a quasi-isomorphism, there exist for each u ∈ {a, b, c} a cycle u P ∈ P and an element u 1 ∈ C(C) such that
u := γ(u P ) = u + du 1 Let x , y be the elements defined in step 1. Injectivity of H(γ) implies [a P • i b P ] = 0 = [b P • j c P ], so there exist x P and y P satisfying
Consequently d(γ(x P ) − x ) = 0 ∈ C |a|+|b|+2 (C). By hypothesis H |a|+|b|+1 (C) = 0, hence there exists x 2 ∈ C |a|+|b|+2 (C) such that γ(x P ) − x = dx 2 . Similarly, there exists y 2 such that γ(y P ) − y = dy 2 . Define M P = x P • i+j−1 c P − (−1) |a| a P • i y P and calculate that γ(M P ) = (x + dx 2 ) • i+j−1 c − (−1) |a| a • i (y + dy 2 ) = M + dα.
Hence [M P ] is a non-vanishing Massey operadic product.
Step 3. By hypothesis H |a|+|b|+1 (C). , hence ψ(x P ) = 0.The same holds for ψ(y P ). As a consequence ψ(M P ) = 0, a contradiction. 
